GENUS FOUR SUPERSTRING MEASURES 

SERGIO L. CACCIATORI, FRANCESCO DALLA PIAZZA, AND BERT VAN GEEMEN 

Abstract. A main issue in superstring theory are the superstring measures. D'Hoker and 
Phong showed that for genus two these reduce to measures on the moduH space of curves 
which are determined by modular forms of weight eight and the bosonic measure. They also 
suggested a generalisation to higher genus. We showed that their approach works, with a minor 
modification, in genus three and we announced a positive result also in genus four. Here we 
give the modular form in genus four explicitly. Recently S. Grushevsky published this result as 
OO i part of a more general approach. 
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1. Introduction 

In this letter we present our construction of a candidate for the superstring measure (corre- 
sponding to an even spin structure) at four loops. Following the Ansatz of D'Hoker and Phong 
in |DP3] , with the modification introduced in [CDG] , this amounts to finding, for each even spin 
structure, a modular form which satisfies certain transformation as well as certain factorization 



1^ , constraints. In that paper we found a solution for the three loop superstring measure and in 

' [DGj its uniqueness is proved. Moreover we announced positive results for the g = 4: case. Here 

^ we explain these results in the (7 = 4 case. Very recently, while we were still trying to generalise 

^ ■ and clarify our g = 4 results, a paper of S. Grushevsky [Gr] appeared which presents a general 

t~^ ! proposal for any g. However his approach suffers from the fact that it is not obvious at all that 

^ I his solution is single valued for g > 5. Recently R. Salvati Manni |SMj obtained results on the 

O ' single valuedness in case g = 5. 

•^ . Our result for the g = 4: measure is the same as in |Grj ; however, it has been obtained earlier 

O I and independently with a different approach. Our approach emphasizes the representation of 

the finite symplectic group on the modular forms (cf. |DGj ) to pick out the finite dimensional 

vector space of all modular forms which satisfy the transformation constraints. Next we try to 

find a form in this space which also satisfies the factorization constarints. To actually write 

r^ ! down these forms we use the geometry of isotropic subspaces in order to obtain the correct 

c^ I transformation proprieties of the superstring measure. Grushevsky, inspired by our first paper, 

also uses these subspaces. Our method also leads to uniqueness results. For these reasons, we 

decided to present here a shortened version of our proof in the g = 4 case, following the same 

approach as in the g = 3 case in |CDGj . 

The unsurmountable difficulty to prove uniqueness in ^f = 4 is the non-normality of the ring 
of Siegel modular forms in genus four (see |OSMj ). However, we verified uniqueness for four 
loops in a weakened form in [DGj . Grushevsky restricts the search for the g loop amplitudes to 

a certain vector space of dimension g + 1 and shows uniqueness in this vector space. However, 
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for genus three (four) the vector space defined by the transformation constraints has dimension 
five (> 7 respectively), see [DGj 7.4 and 7.5. 

2. The modular forms SglA] for g < 4: 

2.1. In [CDG] we suggested, following an ansatz of D'Hoker and Phong |DP3] . that the genus 
g superstring measure d/ifA*^^)], for an even characteristic (equivalently, even spin structure) 

A^'^ = [fc,':.";] , «i, bi E {0, 1}, Yl «^^* = mod 2 

is the product of the bosonic string measure and a modular form S8[A'^^)] on Teichmiiller 
space of weight 8. We observed in [CDG] that the (modified) constraints on SgfA*^^)] imply 
that SgfA^^)] is obtained, using the action of the symplectic group (which is a quotient of the 
Teichmiiller modular group Fj), from the function S8[0], where [0] = [O'-^-'] is the characteristic 
with Qi = bi = for all i. 

The function HglO] should be invariant under the action of the subgroup of Fj of elements 
mapping to Fg(l,2) C Sp(2g,Z), where Fc,(l,2) is the subgroup fixing the characteristic [0], 
under the natural, transitive, action of Sp{2g, Z) on the even characteristics. This implies that 
SgfO] defines a function on the Jacobi locus Jg C H^ in the Siegel upper half plane of period 
matrices of Riemann surfaces, recall that the Jacobi locus Jg is the image of the Teichmiiller 
space under the period map. We will consider S8[0] as function on Jg, actually ior g < 4 
we will see that it extends naturally to a modular form of weight 8 on all of Jig. A further 
condition on S8[0] is that it factors when the period matrix becomes reducible: 

S8[0(^)](r,,,_,) = S8[0W](r,)H8[0(^-'^)](r,_,), r,,,_, := ( ^^ ^^_^ ) G H„ 

in which case r^ G H^, Tg^k ^ Hg-k- Finally one requires that in the case g = 1 one recovers 
the well-known superstring measure. This implies that in genus one: 

In [CDG] it was shown that these constraints have a solution for g < 3 and a solution ior g = 4 
was also announced, moreover in |DGj we showed that for g < 3 the solution is unique. In 
particular for g = 2 we do recover the superstring measure as found by D'Hoker and Phong in 
[DPI] . |DP2j using superstring theory (but this can also be verified by direct computation). 

2.2. The case g = 2. In case g = 2, the following three functions on H2 are Siegel modular 
forms of weight 6 on F2(2): 

/i:=C]", /2:=E^[^]" /3-crE^t^]'' 

where we sum over the 10 even characteristics 5 in genus 2. The functions 9[0^'^^^fi, i = 1,2, 3, 
are modular forms of weight 8 for Fg(l,2). In |CDG] we showed that the following function 
satisfies the constraints for g = 2: 
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with S6[0'''''*] the modular form determined by D'Hoker and Phong in |DPlj . [DP2j . We will 
show in |DGj that S8[0'^^)] is the unique modular form on T2{1,2) satisfying the constraints. 

2.3. The case g = 3. An obvious generalisation of the functions fi which we considered in 
section 12.21 are: 

F, := eiZr, F, := J^ ^[A]-, F, := ^Q^E^t^]'' 

A A 

where the sum is over the 36 even characteristics A in genus three. These functions are modular 
forms of weight 6 on r3(l, 2). 

Next we use the geometry of the finite symplectic vector space V = ¥2^ with the standard 
symplectic form E and the interpretation of even characteristics with 'even'(=split) quadrics, 
as in |CDGj . to define modular forms Pl and G*[A]. 

For a Lagrangian subspace L we define a modular form of weight 8 on Pa (2): 

P, := n ^[AQ]^ 

here the product is over the even quadrics which contain L (there are eight such quadrics for 
each L) and Aq is the even characteristic corresponding to Q. 

For an even characteristic A, the quadric Qa contains 30 Lagrangian subspaces. The sum 
of the 30 Pl's, with L a Lagrangian subspace of Qa, is a modular form G[A] of weight 8 on 
r3(2): 

G[A] ■■= Y. p^= E n ^[^Q']'- 

LcQa LcQa Q'DL 

Note that 9[A]'^ is one of the factors in each of the 30 products. In |CDGj we showed that 

^slZ] ■■= {e[Zrm+AF,~3Fs)-12G[Z])/l2 

is a modular form, of weight 8 on P3(l,2), which satisfies all the constraints. In [DGj we will 
show that it is the only modular form of weight 8 on P3(l, 2) which satisfies the constraints. 

3. Genus 4 

3.1. The modular forms Fi. An obvious generalisation of the functions fi, Fi which we con- 
sidered earlier in sections 12.21 12.31 are: 

Fi ■■= OCr, h := E ^H"' ^3 := ^D^E^t^]'' 

A A 

where the sum is over the 136 even characteristics A in genus four. These functions are modular 
forms of weight 6 on P4(l, 2). The restriction of these forms to Hi x H3 and H2 x H2 are easy 
to find, for example, as 

0&{r,,2) = e[:%r,)9[li]{T!,) 
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we get: 

= /i(r2)/i(r^), 

^2(r2,2) = {Esm'')ir2){Esm'')ir2) 

= /2(r2)/2(r^), 

^3(r2,2) = eCnr2)eQnr^)(Esm')ir2)(Esm'){r^) 

3.2. The modular form G'i[0]. The modular form G can be generalised in two ways. The 
first is to stick to three dimensional isotropic subspaces W in F2. Given such a W , there are 
3 ■ 8 = 24 even quadrics Qa such that W C Qa- Let Qq C Fg be the even quadric with 
characteristic Aq = [0^^^]. We will only use the octets of quadrics which contain Qq to define a 
modular form GifO]: 

GiK]:= E n ^[^0 + ^^F, 

where we sum over the 2025 three dimensional isotropic subspaces W <Z Qo, and for each such 
subspace we take the product of the eight even 6'[Ao + w^. As G W , for any subspace W , 
the function Gi[0] is a multiple of ^[Aq]^. The function Gi[0] is a modular form on r4(l, 2) of 
weight 8 (cf P or use the explicit transformation theory of theta functions as in the Appendices 
of |CDGj or see [Gr], Proposition 13). 

Using methods similar to those in Appendix C of |GDGj one finds the restriction of Gi [0] to 
Hi X H3: 

= Omri){{\f2i+v''){r{)G^Z]{r;) + {\f21- v''){r{){H^Z] + ^G^Z]{r,) 
= OQ\r,) (|/2i(ri)(i7C] + 8GO)(r3) - v'\n){H^Z] + ^G^ZW.) 
where 

rOll2 I Q\0-\12 I Q\in2 rrrOOOl ._ V^ TT a\\i^) I „,,14 



^^J 



W'(ZQqw&W 

for /21 see |GDGj . section 3.3, the sum in H is over the 105 isotropic 2-dimensional subspaces 
W contained in Qq; where now Qo C Fg. 

Similarly, the restriction of Gi [0] to H2 x H2 is 



^10^2) = ^q]''(r2)^D^(rD(^(r2)/3(r^) + /3(r2)^(r^) + 9^(r2)^(r^; 
with /s as in section YI?I\ and: 

W'dQo weW'-{0} 
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and the sum in g is over the 6 isotropic 2- dimensional subspaces W of Qo, where now Qq <z¥\, 
and we take a product of only three terms (the factor 6'[0^^-']'^ for tu = is taken out in the 
formula for Gi[0](r2,2))- 

3.3. The modular form 6*2 [A]. Another generalisation of G uses Lagrangian subspaces L = 
F2 oi V = Fg. For each L there are 16 even quadrics Qa with L C Qa- For an even 
characteristic A we define 

LcQa Q^l 
here we take the sum over the 270 (four dimensional) Lagrangian subspaces L of V^ = F2 which 
are contained in Qa- Again, L C Qa implies that G2[A] is a multiple of ^[A]. The function 
G2P] is also modular form on r4(l, 2) of weight 8. 
The restriction of G2 [0] to Hi x H3 is: 

^Om\f2i-ri'')){r,)GrZ]{r;). 
The restriction of G2[0] to H2 x H2 is as follows: 

G2Coo](r2,2) = 0O\r2)eO\T',)g{T,)g{T',\ 
with g as in 13.21 

3.4. Lower genus identities. Before considering the restriction to Hi x H3 we give some 
identities which we need to give the restriction of the (^^[Oj's as a linear combination of the Fj's 
and G[/S\ in genus three (see 12.31) and the /j's in genus two (see 12.21) . For iJ[0*^^''] and g (see 

we have: 



^[000] = ^[ooo]'(2i^i + 8F2 - 3F3)/6, g = (2/i + 4/2 - 3/3)/6. 

These identities can be verified using the classical theta formula stated in |CDGj . section 3.2 
(it is helpful to use a computer as well). 

3.5. Constraints for S8[A]. We now want to find a modular form S8[0*^^^] of weight 8 on 
r4(l,2) which restricts to Hi x H3 as 

S8ffi](ri,3) = H8[°](ri)S8C](r3) = {0[Tv'')inmZ]{r3) 
and which restricts to Ho x H? as 



"8 Loooo 



r]K2) = S8C](r2)H3C](r^) = {eQ'EX'o])ir2){eCrE,Q){r^). 



3.6. The strategy. We consider a general linear combination of the 5 functions ^[0*^^^]^Fi, 

^[0(^)]^F2, ^[0(^)]^F3, Gi[0], G2[0] and try to find one whose restriction to Hi x H3 is 
S8[0*-"^^]S8[0*-^^]. For this, we use that, as function of ti G Hi, this restriction is a linear 
combination of S8[0*^^'*] and ^[0*^^-']^/2i so we require that the last term should vanish. It then 
happens that what remains is exactly S8[0*^^^]S8[0''^-*]. Finally we verified that the restriction of 
this function to H2 x H2 is indeed S8[0(2)](r2)H8[0(2)](r^). 
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3.7. The restriction to Hi x H3. We have the following formulas for the restriction: 



(GiK])|H,xH3 = Ol^UUHlZ] + 8G[Z]) - V''{H[Z] + 6GO) 



LoooJ / ) 



3.8. The constraint on Hi x H3. A linear combination ai6'[0^^^]''Fi + . . . + 046*2 [0] + a5Gi[0] 
of the five functions above is a multiple of ?7^^(ri) iff 

ai^O^Fi + 2a,eCTF2 + 2a3^a'^3 + a,G[Z] + «5(i^O + SGQ) = 0. 
Using the formula for H given in 13.41 and denoting 65 := 05/6 to simplify formulas, we get: 

(ai + 265)^C]'^i + (2a2 + 865)^Q'^2 + (2a3 - 365)^0'^3 + {a, + m,)G[Z] = 0. 
As the four functions here are independent (cf. |DGj ). we get the solutions: 
(ai, as, as, a^, as) = A(-2, -4, 3/2, -48, 6), (A G C). 

For such tti the linear combination ai^[0^^^]^Fi + . . . + a4G2[0] + a5(ji[0] restricts to: 

0{'o]W'{aAZrF^ - aAZ^F, - a,G[Z] - a,{H[Z] + QG[Z])) 
which, using again the formula for H, and a^ = 665, gives a genus three factor given by: 

(ai - 2b,)e[ZrF, - {a, + 8h)e[ZrF, + 3heCTFs - {a, + 3Qh)G[Z]. 
Putting A = -2, so (ai, . . . , as) = (4, 8, -3, 96, -12) and 65 = -2, we get (cf. EJD 

8e[Zm + 8e[ZrF,-6e[Zm-2AG[Z] = 2AEs[Z]. 
Thus we found that the function 

SsK] := (^ffi]^(4Fi + 8F2-3F3)+96G2K]-12GiK])/24 
has the property that it satisfies the constraint on the restriction to Hi x H3. 
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3.9. The constraint on H2 x H2. Now we consider the restriction of the function Sgp*^'*-'] 
from section ing to H2 x H2. It is useful to observe that: 

with a holomorphic function h which we will not write down explicitly. Taking out the factor 
^[0(^^]^(r2)^[0(2)]4(r^), which also occurs in S8[0(^)] (r2)S8 [0(^^](r^), simplifies the computation. 
We found, using the classical theta formula (cf. |CDGj . section 3.2) and a computer, that 
hiT2,T^) = S6[0(2)](r2)S6[0(2)](r^) and thus: 

-z: rOOOOi/ N _ ^ [00]/ N^ \00-{/^/\ 
"8[0000Jl^2,2J — -8[ooJl^2J-8[ooJl^2j- 

Therefore the modular form S8[0''''''] on r4(l,2) of weight 8, defined in 13. 8^ satisfies all the 
factorization constraints in genus four. 
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